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Application of a Perturbation Method
to Heat Flow Analysis in Materials

Having Temperature-Dependent
Properties
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Introduction

IN modern technology materials are often exposed to tem-
perature ranges of such magnitudes that material property

variations will be of great importance. The perturbation
method or the method of successive approximations has
proved itself to be a valuable tool in the analysis of the result-
ing nonlinear boundary value problems.1-2 It is intended
here to study the application of this method to heat flow prob-
lems from a more theoretical point of view.

The solutions are expanded in powers of one parameter
common for the various material properties, thereby splitting
up the original nonlinear problem into a set of interdependent
linear ones. It is shown that the difficulties arising because
of the products of derivatives in these equations may be re-
leased through a suitable transformation [Theorem 1, Eq.
(10)]. In addition a method is given (Theorem 2), which
makes it possible to predict the convergence of the series.

This method may also be used to obtain bounds on the
solutions to the classical linear heat flow problem. It is a
generalization of a method given by Boley3 to include tran-
sient conditions, internal heat generation and convective heat
transfer to the surface of the body. The principle is to obtain
the temperature bounds starting out from assumed bounds on
the prescribed heat flows. This is contrary to the method
used by e.g., Appl and Hung,4 who choose bounds on the tem-

Fig. 1 The function S î with upper and lower bounds.

perature in such a way that the heat generated in the body is
approximated as well as possible.

Theory

Consider a continuum of volume V, boundary B, and tem-
perature Ts. At t = 0 this body is exposed to a heat load at
the boundary and a time and space varying temperature field
is generated, described by the following boundary value prob-
lem:

,/],/ + Q = pcWdd/dt in V (1)

,n - h(6)(d - da) = qr on B (2)

0 = T - Ts = 0 at t = 0 (3)

where k is the heat conductivity, c the specific heat, h the film
heat-transfer coefficient, 6a the ambient temperature, Q the
heat generated per unit volume of the body, qr the surface
heat flux and v the normal to the boundary, which is taken
positive in the outward direction.

Theorem 1

Let the material properties k, c, and h be written as

/(0) = /o + e/i0 + e2/202 (4)

where / stands for k, c, or h. Then using e as a perturbation
parameter, the nonlinear boundary value problem Eqs. (1-3)
may be reduced to the following set of linear problems:

(5)

(6)

(7)

= 0 in V
—k0\f/m.iVi — h0\l/m = qm on B

$m = 0 at t = 0
m = 0,1,2 . . .

where

= mQ - - pc0 - - -
2 c0 &o

1 /c, kAoP c o(- - Ho \t/o f^o/
(8)
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Fig. 2 First and second approximation of the tempera-
ture in the middle of the plate.
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This theorem is proved through introducing Eqs. (4) and
(13) into Eqs. (1-3) and singling out coefficients of e, which
give a set of linear equations, containing products of deriva-
tives to the functions 6m. These products are removed by
introducing Eq. (10), which considerably simplifies the prob-
lem and leads to Eqs. (5-9), containing only time derivatives
of the products of 6m>

In order to predict the convergence of the series (13), con-
sider the general heat flow problem:

(14)

(15)
(16)

,u + Q = pco$T/dt) in V
,iVi + h0T + q = 0 on B

T = 0 at t = 0

If Q > 0 and q < 0 then from energy considerations T > 0
and the following theorem can be stated:

Theorem 2

Let T' be a solution to the heat flow problem Eqs. (14-16)
with Q' an arbitrary constant and q' = 0, let T" be the cor-
responding solution with Q" = 0 and q" an arbitrary con-
stant. If in Eqs. (14-16)

qm < q < qM (17)

T'c)Qm-

then at all times t > 0

(Qm/Q')Tf + (qM/q"}T" <T< (QM/Q')Tf +
(qm/q'f}T'f (19)

The theorem is proved through the introduction of the ficti-
tious temperatures

TM = (QM/Q')Tf + (qm/q"}T'f - T (20)

Tm = (Qm/Q')Tf + (qM/q")T" - T (21)

into Eqs. (14-16). Using Eqs. (17) and (18) it follows that
TM > 0 and Tm < 0, which proves Eq. (19).

The theorem proved previously, giving bounds on the solu-
tion to the linear heat flow problem, can be used to predict the
magnitude of the function \f/m+i once \[/m has been solved from
Eqs. (5-7) and the corresponding heat flows Qm+i and qm+i
from Eqs. (8) and (9).

Example

The theory outlined previously is applied to the problem of
finding the transient temperature field in a convectively heated
plate of inconel, having the following material properties, (6
= T - 273°K): p = 8250 kg/m3, k = 14.7 + 0,015 0W/
m°K, and c = 430 + 0.265 0Ws/kg°K. The ambient tem-
perature 6a and the heat-transfer coefficient h are taken as

da = 700°K and h = 190 + 0.029 0W/m2°C. The thickness
of the plate is taken to be d = 3 mm with no heat production
within it and no heat flux at the surface, i.e., Q = qr = 0.

The solution 00 for temperature-independent material
properties is derived first and introduced into Eqs. (8) and
(9) to give the intermediate heat flows Qi and q\. After hav-
ing chosen bounds on these functions so that the relations (17)
and (18) are satisfied, the corresponding bounds on the func-
tion fa are obtained from Eq. (19) once fa' and fa" have been
solved from Eqs. (14-16). Lastly the function fa itself is
derived from Eqs. (5-7) and a second approximation, m = 1,
of the temperature field obtained from Eqs. (10-13).

The calculations have been carried out for a chosen value of
e = 0.01 and with the following bounds on the heat flows:
Qm = 0, QM = Qly qm = q,, and qM = -106(1 - e-™^).
The found time histories of the function fa and the tempera-
ture field in the middle of the plate are shown in Figs. (1) and
(2) below, the solutions of the linear differential equations
being taken from Ref. 5.
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A Simple Linear Approximation
for Perturbed Motion abont
Moderately Elliptic Orbits
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IN this Note, the linearized perturbation equations for a cir-
cular reference trajectory are applied to elliptic reference

trajectories of small eccentricity. The concept is appealing
because the closed form solution for the circular reference is so
much simpler than the solution for the elliptic case. A nu-
merical example indicates that the accuracy of the circular ref-
erence solution is more than adequate for many practical ap-
plications. An analysis is outlined to extend the results of
the numerical example.

The linear, constant-coefficient differential equations that
describe the perturbed motion of a body P relative to a refer-
ence body 0 in a circular orbit are well known.1"3 The solu-
tion to these equations, which for brevity will be called the
circular solution, is usually written in terms of coordinates in a
local vertical coordinate system centered at 0. The circular
solution, which contains sines and cosines and terms linear in
time, is simple enough to be calculated by hand. It has di-
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